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N .  V .  D i l i g e n s k i i  a n d  L .  I .  B a b e n k o v a  UDC 536.244 

An approx imate  method of analyt ical  computat ion of heat t r a n s f e r  in ga s - - e l ec t r i c  hea te r s  is  
proposed.  The r e s u l t s  of analyt ical  computat ion using the obtained fo rmulas  a re  compared  
with the r e s u l t s  of n u m e r i c a l  solution and e l ec t r i ca l  s imulat ion.  

We cons ider  the p rob lem of heating of a i r  dur ing i ts  forced flow in a tube ca r ry ing  e lec t r i c  cu r ren t .  

In the formula t ion  of the p rob lem we a s sume  that the p r o c e s s  of heating occu r s  without heat exchange 
with the surrounding medium,  the t e m p e r a t u r e  drop along the th ickness  of the wall  is smal l  and the re tu rn  
flow of heat along the tube due to smal l  t e m p e r a t u r e  gradients  along the length can be neglected.  

Under these assumpt ion  the invest igat ion of heat balance of a heater  leads to the formulat ion of the 
p rob lem in the fo rm of the following sys t em:  

08 Pe O~  O F----~ + O~ + A (8 - -  O) = Pe x} o (Fo) 6 (~), (1) 

C. 00 + A (0 - -  8) = Q -]- D0 o (~) 6 (Fo), (2) 
0 Fo 

where  
8 r g - -  T m rt  - T m  x ~nl~ 

; O -  ; g = T ;  A = - - ;  
T M - -  T m T~ - -  T m S)~g 

C---- c t Y t 6 ~  ' Q P o ~ 6 I I  , D = ~,t61-I 
cPgvg  

A comple te  solution of s y s t e m  (1)-(2) is ve ry  labor ious  and unsuitable for applicat ion and the re fo re  
we do not give this solution here .  Modern e l ec t r i ca l  heating p r o c e s s e s  a re  cha rac t e r i zed  by high values  
of the veloci ty of the opera t ing  substance;  the re fo re  it is advisable to make use of this fact for  s impl i fying 
the ma thema t i ca l  models  of heat t r ans f e r .  Thus,  for desc r ib ing  the heat t r a n s f e r  p r o c e s s  in a p r ehea t e r  
at high speeds  of the opera t ing  substance A. L. I sk r a  proposed a s imp le r  ma themat i ca l  model  [1]. H o w e v e r  
her  solution does not have a ve ry  c l ea r  analyt ical  fo rm and r equ i r e s  numer i ca l  computat ions  on a compute r .  
Exper ience  in using the tables  proposed in [1] showed that  they do not offer  the possibi l i ty  of computing 
the heat t r a n s f e r  of the ini t ial  segments  of the hea te r  and the init ial  instants  of rapid t rans i t iona l  r e g i m e s .  

We cons t ruc t  another  approx imate  model  of the heat t r a n s f e r  p roce s s  for the case  of  high gas ve lo -  
c i t ies  which a re  of g r ea t e s t  in te res t  in p rac t i ca l  computat ions .  

Sys tem (1)-(2) can be wri t ten  in the following ma t r i x  fo rm introducing the initial  and boundary condi-  
t ions into the equations:  

- - A  C O 
_ O F o  - - A  

= [  pe ~~176 ~(~) ] 

We put s y s t e m  (1)-(2) in a fo rm which can be solved for each of the va r i ab l e s  ~ and 0: 

(3) 

L# = El, LO = E~. (4) 
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The determinant of the system is 

L= 

l �84 
-a--~o + Pe + A  - -A  - 

- -A C a aFo + A  _ . 

a ~ a ~ a O a 
= c a Fo ~ + C Pe ago F---~ + AC + A + APe - - .  aFo aFo a~ 

The right hand sides E t and E 2 are respectively computed from the formulas 

Pe (}'o (Fo) (5 (~) - -  A ] 

E, = . Q "T-" D0o ([~) (5 (Fo) C a 1 aFo + A  
( 0 

= Pe ~, (Fo) 8 (g) C ~ + ,4 ) + .4 [Q + D0. (g) 8 (Fo)l, 

E2 = ~ + Pe + ,4 Pe ~o (Fo) 8 (g) 

- -  A Q + DOo (~) 8 (Fo) 
(o  o ) +/~.(g)a(Fo) ~ +Pe--~- +.4 +APeO.(Fo)8(g). 

In [2, 3] definitions of asymptotic forms of functionals have been introduced depending on parameters 
using which one can construct different approximate descriptions for differential operators. By definition 
we shall assume a linear differential operator with constant coefficients depending on the numerical para- 
meters v, Nv(D) (D is differentiation operator) the asymptotic form of operator Lv(D) for v -- v0: 

if the functional 

L~(D) N,(D), v--->-v o, 

L,(io) J N,,(ko) ' 
Rrt ~n 

where r is a function from some basic function space. 

In (5) the equivalence relation can be taken in the weak sense of [3] as well strong [2] convergence. 
On the basis of this representation it can be shown that the following representation is valid for our problem: 

a ~ a ~ a + A a 
a 

C-~--Fo~+ C Pe 0FoO-----~ +AC aFo 0F---~ + APe-~.~ 

O ~ 0 , 
...CPeoFo.Og F A P e ~ - ,  P e - - ~ .  (6) 

Introducing the asymptotic representation (6) into (4) we write the following approximate system for 
determining the solution: 

C Pe ag--~--~ + A Pe ao = C Pe 00 (Fo) 6(~) a____~__~ 
a Fo a~ a~ a Fo 

+ APe {~0 (Fo) 8 (g) -F A [Q + D0 o (g) 8 (Fo)]; (7) 

CPe 0~0 / 00 - a0 t 
o oo---T + = Q i - t o o  + I 

oo ) 
+D00(~)8(Fo ) ~ + P e  -~- + A  +APe~0(Fo)8(g). (8) 

We consider the problem with the right hand side and the boundary conditions determined in quadra-  
ture Fo, ~ >-- 0; we shall consider the solution also in this quadrature and seek this solution using Laplace 
transform. Transforming Eqs. (7)-(8) in Fo with parameters p and in ~ with parameter s, we obtain the 
following algebraic system: 

pes (cp + A) ~ =  (Cp + A) Pe t~ o + A ~ + DOo), 

Pe s (Cp + A) ~ = (p + Pe s + A) ( ~ +  D0o) + A Pe r 
from which we get 
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§ pggo 

= ~o + A~ + AD~o ; (9) 

s PesC(p~--~-) PesC(p+~-) 

PO ~ A~ 
PeCs(p+@) -k C(p_k @ ) +PesC{p_t_ ~)  

ADO~ As (iol 

Inverting (9)-(10) for Fo, ~_ >- 0 we obtain 

0 0 0 

(ii) 

0 (g, Fo) = ~ -  Q (g', Fo) dg' -- - -  exp --. Fo 
C C 

0 

A Fo) 
0 0 

Fo  

0 

0 0 

g 
• 0 o(~')d~'-5-~-exp -- Fo 0 o ( g ) + ~ e x p  - - - - F o  

C 
0 

• Oo(g')dg' + ~ exp - - - - F o  Oo(Fo')ex p Fo' dFo'. (12) 
C 

0 0 

Integrals (11)-(12) can be evaluated in closed form for a sufficiently wide class of functions Q(~, Fo), 
For each particular case with constant power of the heat source Q = const the solution has the form 

0 

O(L Fo)= PeC Q gexp(-AF~ +@[1--exp(--@-Fo)] 

Q Fo exp Fo Oo(g')d ~" +~e-e ~ 1--exp - - ~ -  --PeC~ ---~-- 
0 

D exp( A Fo) Oo(~)_k AD c@_Fo) 

0 
Fo  

+ ~ e x p  ( - - ~  eo) ~ Oo (Vo') exp (--~- Fo') d Fo'. (14) 
0 

For homogeneous boundary conditions we have 
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Fig. 1. Variat ion of the maximum tempera tu re  of gas 
(a) [1) computed f rom [1]; 2) f rom formula (15); 3) e l ec -  
t r i ca l  simulation] (b) [1) computed f rom [1]; 2) f rom 
formula (16); 3) e lec t r i ca l  simulation] in t ime.  Tg,  
Tt  in ~ ~- in sec.  

O(~,Fo)= p ~ - ~ [ l - - e x p ( - - - ~  , 

O ( ~ , F o ) = ~ Q  ~exp( - -  cA-~-Fo ) 

The resu l t s  of the computations using the analytical  formulas  (15)-(16) were  compared with numer ica l  
computations of [1] for two rea l  technological  r eg imes  (first  r eg ime:  I = 200 A ,  V = 16 V, G = 10.2 �9 108 
k g / s e c ,  w = 6.5 m / s e e ,  P = 1 7 . 9 . 1 0 S N / m 2 , l  = 1 . 2  m ,  d = 12 ram, 5 = 0.5 ram, mater ia l  of the tube EI437BI 
second reg ime:  I = 2"/4 A ,  V = 13.26~V, (3 =105.103 kg / sec ,  w = 30.2 m / s e c ,  P = 4 0 . 1 0 ~ N / m 2 , l  = 1.2 m, 
d = 10 ram, 6 = 1 ram, mate r ia l  of the tube Kh20N80T). The var ia t ion of the t empera tu re  of the gas and 
the tube with t ime is shown in Fig. l a ,  b for the f i r s t  var iant .  

An analysis  of the computations shows that the agreement  between the resu l t s  of computations using 
formulas  (15)-(16) and the tables  of [1] improves  as the gas velocity w inc reases .  F o r  a gas velocity of 
30.2 m / s e c  the difference between the resu l t s  is no more  than 6~. 

F o r  a more  objective es t imate  of the efficiency of the mathematical  models an e lec t r i ca l  simulation 
of the heat t r ans fe r  p rocess  in the heater  was done for the f i r s t  reg ime.  A more  exact physical  model was 
used in the simulation (real  velocity prof i les  of the flow and turbulent  t r ans fe r  and radia l  and axial r e tu rn  
flows of heat along the heater  tubes were  taken into considerat ion) .  

A compar i son  of the resu l t s  of analytical  computation and e lec t r i ca l  simulation showed that for  r ea l  
heat t r ans fe r  r eg imes  computations using approximate formulas  (13)-(14) and (15)-(16) are  ent i re ly  admis-  
sible. 
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The proposed approach for  h igh-speed hea t e r s  provides  r e su l t s  with an accuracy  that is adequate for 
engineer ing  appl icat ions and grea t ly  extends the range  of p rob l ems  permi t t ing  solution in a closed analyt i -  

ca l  fo rm.  

NOTATION 

T 
P e  = w l / a g ,  Fo = a g ' r / l  2, P o  = qV/2/Xg(Tm--Tc) 
X 

T 

a 

C 
k 

q v  
W 

Z, d, 6, 7r, s 

Tm 
I 
V 
G 
P 

is the t e m p e r a t u r e  
a re  the Pec le t ,  F o u r i e r ,  and Pomeran t sov  number s ;  
is  the spat ia l  coordinate;  
xs the t ime;  
xs the heat t r a n s f e r  coefficient;  
is the t h e r m a l  diffusivity; 
~s the specif ic  heat ;  
is the t h e r m a l  conductivity; 
is the specif ic  density of heat generat ion;  
is the velocity;  
a re  the length, inner  d i a m e t e r ,  th ickness ,  p e r i m e t e r ,  

and a rea  of the t r a n s v e r s e  c r o s s  sect ion of the tube 
respec t ive ly ;  

a re  the D i r a c ' s  delta function; 
is the scale  t e m p e r a t u r e ;  
is the cu r r en t  intensity;  
is the voltage;  
is  the gas flow ra te ;  
is the gas p r e s s u r e .  

S u b s c r i p t s  

g is the gas; 
t is the tube; 
m is  the medium.  

2. 
3. 
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